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THE ESTIMATION OF THE NUMBER OF IRREDUCIBLE BINOMIALS
F. E. BROCHEROMARTÍNEZ AND LAYS SILVA-JESUS
ABSTRACT. Let Fq be the finite field with q elements, and T a positive integer. In this article we find a sharp
estimative of the total number of monic irreducible binomials in Fq[x] of degree less or equal to T , when T is large
enough.
1. INTRODUCTION
Let Fq be a finite field with q elements. Determining an asymptotic formula for the number of monic
irreducible polynomial in Fq[x] of degree t that satisfied some condition is an interesting question. For instance,
in [2] and their references can found a several results about asymptotic formulas of the number of monic
irreducible polynomials with some fixed coefficients, and in [9] found an asymptotic formula for the number of
irreducible polynomial invariant by some action of PSL(2,Fq). In this direction, a natural question is finding a
asymptotic function of the number of irreducible polynomial with a few nonzero coefficients, and in particular,
when the polynomials have only two nonzero coefficients. We point out that in that case, it is known an easy
test to determine if that kind of polynomial is irreducible. In fact, the criteria is given by the following lemma.
Lemma 1.1. [7, Theorem 3.75] Let t ≥ 2 be an integer and a ∈ F∗q . Then the binomial x
t − a is irreducible
in Fq[x] if and only if the following three conditions are satisfied:
(1) Every prime divisor p of t divides ordq a.
(2) gcd(t, q−1ordq a) = 1
(3) If 4 divides t then q ≡ 1 (mod 4).
Thus, a natural question is, by fixing q, what is the average of the number of binomials? i.e. If t is positive
integer and Nq(t) denotes the number of a ∈ Fq such that the binomial xt − a is irreducible over Fq[x], then,
what is the behavior of the sum
∑
t≤T Nq(t) for T ∈ N large enough?
From Lemma 1.1, it is easy to determine the function Nq(t), specifically:
Lemma 1.2 ( [6, Corollary 1 (b)] or [3, Lemma 7]). Let Fq be a field with q elements and Nq(t) the number of
monic irreducible binomials of degree t in Fq. Then
Nq(t) =
{
ϕ(t)
t (q − 1), if rad4(t)|(q − 1)
0, otherwise
where rad(t) is the product of the primes p that divides t, rad4(t) =
{
rad(t) if 4 ∤ t
2 rad(t) otherwise
and ϕ is the Euler
Totient function.
The sum
∑
t≤T Nq(t) was studied in [3] by Heyman and Shparlinski, using advance results of analytic
number theory. They estimated the total number of irreducible binomials on average over q or t. In particular
they calculated a higher bound of the average the number of irreducible binomial when q is fixed and t ≤ T ,
where T is large enough. One result of that article is the following:
Theorem 1.3. [3, Theorem 3.] For any fixed positive A and ǫ and a sufficiently large real q and T with
T ≥ (log(q − 1))(1+ǫ)A log3 q/ log4 q
we have ∑
t≤T
Nq(t) ≤ (q − 1)
T
(log T )A
.
Date: September 24, 2019.
2010 Mathematics Subject Classification. 12E20 (primary) and 11T30(secondary).
Key words and phrases. Irreducible binomial in a Finite Field, Irreducible Factors, Cyclotomic Polynomials.
1
2 F.E. BROCHERO MARTÍNEZ AND LAYS SILVA-JESUS
We will see that this upper bound is not close to that the actual value. In fact, in this article, using elementary
tools, we give the exact order of growth for the average order of the number of irreducible binomials of degree
t on the field Fq, that which improves the result found by Heyman and Shparlinski. Specifically we prove the
following result:
Theorem 1.4. Let Fq be a finite fields with q elements and Nq(t) the number of monic irreducible binomials of
degree t in Fq[x].
(1) If q 6≡ 3 (mod 4) and q − 1 = pα11 . . . p
αs
s is the factorization of q − 1 in prime factors, then∑
1≤t≤T
Nq(t) =
ϕ(q − 1)
s! log p1 · · · log ps
(log T )s + s
2
s∑
j=1
(pj + 1) log pj
pj − 1
(log T )s−1
+ o((log T )s−1
log log T
)
.
(2) If q ≡ 3 (mod 4) and q − 1 = 2pα11 . . . p
αs
s , then∑
1≤t≤T
Nq(t) =
3ϕ(q − 1)
2s! log p1 · · · log ps
(log T )s + s
2
 s∑
j=1
(pj + 1) log pj
pj − 1
−
log 4
3
 (log T )s−1
+o((log T )s−1
log log T
)
.
In particular, as a direct consequence we get the following corollary.
Corollary 1.5. Let q be a power of a prime such that q − 1 =
{
pα11 · · · p
αs
s if q 6≡ 3 (mod 4)
2pα11 · · · p
αs
s if q ≡ 3 (mod 4)
. Then
s! log p1 · · · log ps
ϕ(q − 1)
· lim
T→∞
∑
1≤t≤T Nq(t)
(log T )s
=
{
1 if q 6≡ 3 (mod 4)
3
2 otherwise.
2. NOTATION AND SOME USEFUL RESULT ABOUT LATTICE POINTS
Throughout this paper, N0 and N denote respectively the set of non negative integer and the set of posi-
tive integers, Fq denotes a finite field with q elements and q − 1 =
{
pα11 · · · p
αs
s if q 6≡ 3 (mod 4)
2pα11 · · · p
αs
s otherwise,
where
p1, . . . , ps are different primes. For each positive integer n, ϕ(n) denotes the Euler totient functions evaluated
at n, Nq(n) denotes the number of monic irreducible binomial in Fq[x], rad(n) is the product of prime divisor
of n and rad4(n) =
{
rad(n) if 4 ∤ n
2 rad(n) otherwise
. For each ~v = (v1, . . . , vs) ∈ (N0)s, we denote by t(~v) the
number pv11 · · · p
vs
s . Finally, lj denotes the number log pj for j = 1, . . . , s.
In what follows, we present some result about the number of lattice points in the s-dimensional tetrahedron
bound by the coordinates hyperplanes and an appropriate plane. These estimate will be use to determine how
many positive integers t satisfied t ≤ T and rad(t)|(q − 1). Specifically, we want to know how many integer
numbers of the form pv11 · · · p
vs
s are less or equal to T . For this purpose, we need some definitions and results,
which we will present below.
Definition 2.1. Let a1, . . . , as and λ be positive real numbers. Let define Ω(λ; a1, . . . , as) as the close tetrahe-
dron limited by the coordinates hyperplanes and the hyperplane a1x1 + · · ·+ asxs = λ, i.e.
Ω(λ; a1, . . . , as) = {(x1, . . . , xs) ∈ R
s|xi ≥ 0 and a1x1 + · · ·+ asxs ≤ λ},
and N (λ; a1, . . . , as) the number of points of the set N
s
0 ∩ Ω(λ; a1, . . . , as), i.e.
Ns(λ; a1, . . . , as) = |{(x1, . . . , xs) ∈ N
s
0|a1x1 + · · ·+ asxs ≤ λ}|.
A naive estimation of the number of lattice points in the tetrahedron is a classical result: If we consider, for
each element of Ω(λ; a1, . . . , as)with integer coordinates, a hypercube of size 1 located in the positive direction
respect that point, then the solid Cs obtained from the union these hypercubes contains Ω(λ; a1, . . . , as). Thus
Ns(λ; a1, . . . , as) = V ol(Cs) > V ol(Ω(λ; a1, . . . , as)) =
1
s!
s∏
j=1
λ
aj
=
λs
s!a1 · · · as
. (2.1)
The same way, Cs is contained in Ω(λ+ a1 + · · · + as; a1, . . . , as), so
Ns(λ; a1, . . . , as) < V ol(Ω(λ+ a1 + · · · + as; a1, . . . , as)) =
(λ+ a1 + · · ·+ as)
s
s!a1 · · · as
. (2.2)
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Therefore, the function Ns can be bound lower and upper by two polynomials of degree s in the variable λ for
all λ > 0 and asymptotically we have Ns(λ; a1, . . . , as) = λ
s
s!a1···as
+ O(λs−1). We note that, in [4] Lehmer
determines two other polynomials Pa1,...,as(λ) and Qa1,...,as(λ) such that bound more efficiently the function
Ns, for all λ > 0. Analogous results were found by Lochs [5], that we can summarize, in a simplified form, in
the following theorem
Theorem 2.2 ([4] and [5]). Let a1, . . . , as be a real number. Then
λs + s2 (a2 + · · ·+ as)λ
s−1
s!a1 · · · as
< Ns(λ; a1, . . . , as) <
(λ+ 12(a1 + · · ·+ as))
s
s!a1 · · · as
, for all λ > 0. (2.3)
On other hand, in [8] Spencer found a asymptotic formula for the function Ns.
Theorem 2.3 ([8, Theorem I]). Let a1, . . . , as be real numbers, that are linearly independent over Q. Then
Ns(x; a1, . . . , as) =
xs
s!a1 · · · as
+
1
2(s − 1)!
a1 + · · ·+ as
a1 · · · as
xs−1 + o(xs−1/ log x).
An elementary proof of this result can be found in [1].
3. IRREDUCIBLE BINOMIALS AND ASSOCIATE LATTICE
For each positive integer T , let denote by Υ(T ) the set of lattice points
Ω(log T ; l1, . . . , ls) ∩ N
s
0, where lj = log pj for j = 1, . . . , s.
It is clear, from the definition of Υ(T ) that
~v := (v1, . . . , vs) ∈ Υ(T ) if and only if t(~v) = p
v1
1 · · · p
vs
s ≤ T.
We also denote by Υ+(T ) = Υ(T )∩Ns, i.e. the elements ofΥ(T ) with every coordinates are positive, and for
each j = 1, . . . , s, Υj(T ) denotes the subset of Υ(T ) with the j-th coordinates is equal to zero and the other
coordinates are positive. By definition, the sets
Υ+(T ),Υ1(T ), . . . ,Υs(T )
are disjoint in pairs. Finally we denote by Υ0(T ) the complementary subset
Υ(T ) \ (Υ+(T ) ∪Υ1(T ) ∪ · · · ∪Υs(T )),
i.e. the subset of elements with two or more coordinates equal to zero.
In order to proof the main result of this article, we need the following lemma, that will be use to estimate
the number of irreducible binomial of degree t ≤ T , where rad(q−1)rad(t) is 1 or a prime number. The essential idea
is that the number of binomials of this type is asymptotically bigger that the other type of binomials of degree
less that or equal to T .
Lemma 3.1. Let T > rad(q − 1) be an integer. Then
(a) ∑
~v∈Υ+(T )
ϕ(t(~v))
t(~v)
=
ϕ(q − 1)
q − 1
Ns
(
log
(
T
rad(q − 1)
)
; l1, . . . , ls
)
=
ϕ(q − 1)
(q − 1)s!l1 · · · ls
(log T )s
(
1−
s log(rad(q − 1))
2 log T
)
+ o
(
(log T )s−1
log log T
)
(b)
s∑
j=1
∑
~v∈Υj(T )
ϕ(t(~v))
t(~v)
=
ϕ(q − 1)
q − 1
s∑
j=1
pj
pj − 1
Ns−1
(
log
(
pjT
rad(q − 1)
)
; l1, . . . , l̂j , · · · , ls
)
=
ϕ(q − 1)
(q − 1)(s − 1)!l1 · · · ls
(log T )s−1
s∑
j=1
pjlj
pj − 1
+O((log T )s−2)
where l̂j means that lj does not appear as parameter in the function.
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Proof. (a) Since rad(t(~v)) = rad(q − 1) for all ~v ∈ Υ+(T ), it follows that
ϕ(t(~v))
t(~v)
=
ϕ(rad(t(~v)))
rad(t(~v))
=
ϕ(rad(q − 1))
rad(q − 1)
=
ϕ(q − 1)
q − 1
.
Therefore ∑
~v∈Υ+(T )
ϕ(t(~v))
t(~v)
=
ϕ(q − 1)
q − 1
|Υ+(T )|. (3.1)
On other hand, we know that
(v1, v2, . . . , vs) ∈ Υ
+(T ) if and only if (v1 − 1, v2 − 1, . . . , vs − 1) ∈ Υ
(
T
p1 · · · ps
)
,
thus
|Υ+(T )| =
∣∣∣∣Υ( Tp1 · · · ps
)∣∣∣∣ = Ns( Tp1 · · · ps ; l1, . . . , ls
)
. (3.2)
Finally, from Theorem 2.3 and using the fact that(
log
(
T
p1 · · · ps
))k
= (log T )k − k log(p1 · · · ps)(log T )
k−1 +O((log T )k−2)
for all k ≥ 1, we have that
|Υ+(T )| =
1
s!l1 · · · ls
((
log
(
T
p1 · · · ps
))s
+
s
2
(l1 + · · ·+ ls)
(
log
(
T
p1 · · · ps
))s−1)
+ o
(
(log T )s−1
log log T
)
=
1
s!l1 · · · ls
(
(log T )s − s log(p1 · · · ps)(log T )
s−1 +
s
2
log(p1 · · · ps)(log T )
s−1
)
+ o
(
(log T )s−1
log log T
)
=
(log T )s
s!l1 · · · ls
(
1−
s log(rad(q − 1))
2 log T
)
+ o
(
(log T )s−1
log log T
)
.
The result follows from Equation 3.1 and this last identity.
(b) If ~v ∈ Υj(T ), then rad(t(~v)) =
rad(q−1)
pj
and
ϕ(t(~v))
t(~v)
=
ϕ
(
rad(q−1)
pj
)
rad(q−1)
pj
=
ϕ(rad(q − 1))
rad(q − 1)
·
pj
pj − 1
=
ϕ(q − 1)
q − 1
·
pj
pj − 1
.
Therefore
s∑
j=1
∑
~v∈Υj(T )
ϕ(t(~v))
t(~v)
=
ϕ(q − 1)
q − 1
s∑
j=1
pj
pj − 1
|Υj(T )|. (3.3)
Using the fact that every point in Υj(T ) has the j-th coordinate equal to zero, we can eliminate that coordinate
and following the same reasoning as before, we have that
|Υj(T )| = Ns−1
(
T
p1 · · · pj−1pj+1 · · · ps
; l1, . . . , l̂j , . . . , ls
)
=
1
(s− 1)!l1 · · · lj−1lj+1 · · · ls
(log T )s−1 +O((log T )s−2). (3.4)
The result follows from Equations 3.3 and 3.4.

4. PROOF OF THEOREM 1.4
Firstly, let us consider the case when q 6≡ 3 (mod 4), and then rad4(q − 1) = rad(q − 1). Since Nq(t) = 0
if rad4(t) ∤ (q − 1), we have from Lemma 1.2 that∑
t≤T
Nq(t) =
∑
t≤T
rad(t)|(q−1)
Nq(t) = (q − 1)
∑
t≤T
rad(t)|(q−1)
ϕ(t)
t
(4.1)
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Observe that the conditions t ≤ T and rad(t) | (q − 1) is equivalent to t = pv11 · · · p
vs
s ≤ T where each vj is a
non negative integer. This last inequality is equivalent to the linear inequality v1 log p1+· · ·+vs log ps ≤ log T ,
i.e. ~v = (v1, . . . , vs) ∈ Υ(T ) = Ω(log T ; l1, . . . , ls) ∩Ns0. Therefore∑
t≤T
Nq(t) = (q − 1)
∑
~v∈Υ(T )
ϕ(t(~v))
t(~v)
= (q − 1)(A +B + C),
where
A :=
∑
~v∈Υ+(T )
ϕ(t(~v))
t(~v)
, B :=
s∑
j=1
∑
~v∈Υj(T )
ϕ(t(~v))
t(~v)
and C :=
∑
~v∈Υ0(T )
ϕ(t(~v))
t(~v)
. (4.2)
The summations A and B correspond to items (a) and (b) of Lemma 3.1. Thus
(q − 1)(A+B) =
ϕ(q − 1)
s!l1 · · · ls
(log T )s − s
2
s∑
j=1
lj(log T )
s−1 + s
s∑
j=1
pjlj
pj − 1
(log T )s−1
+ o((log T )s−1
log log T
)
=
ϕ(q − 1)
s!l1 · · · ls
(log T )s + s
2
s∑
j=1
pj + 1
pj − 1
lj(log T )
s−1
+ o((log T )s−1
log log T
)
The last summation can be bound as∑
~v∈Υ0(T )
ϕ(t(~v))
t(~v)
≤
∑
~v∈Υ0(T )
1 ≤
∑
1≤i<j≤s
|Υij(T )|, (4.3)
where
Υij(T ) :=
∑
1≤i<j≤s
|{~v ∈ Υ0(T ); vi = 0 and vj = 0}|. (4.4)
Since Υij(T ) = O((log T )s−2), we conclude that the last term is asymptotically small compared to the firsts
two summations.
Finally, the proof of the case when q ≡ 3 mod 4 is essentially the same, using the fact that∑
t≤T
Nq(t) =
∑
t≤T
rad4(t)|(q−1)
Nq(t) =
∑
t≤T
rad(t)|
q−1
2
Nq(t) +
∑
t≤T/2
rad(t)|
q−1
2
Nq(2t),
and these two summations are similar to the before case. 
5. BOUND THE NUMBER OF IRREDUCIBLE BINOMIALS FOR T SMALL
The purpose of this section is to show some lower and upper bounds for the number of monic irreducible
binomials where T is not necessarily a big number. It is clear that these bound can be improved for more
complicated functions, but for clarity we will no try to do that.
Let suppose that q 6≡ 3 (mod 4) and s ≥ 2. We can obtain a trivial lower and upper bound using Theorem
2.2 and observing that the inequalities 1 ≥ ϕ(t)t ≥
ϕ(q−1)
q−1 are true for any t such that rad(t)|(q − 1). Thus, for
any T > 1 we have that∑
t≤T
Nq(t) = (q−1)
∑
t≤T
rad(t)|(q−1)
ϕ(t)
t
≥ ϕ(q−1)|Υ(T )| >
ϕ(q − 1)
s! log p1 · · · log ps
(log T )s
(
1 +
s log(rad(q − 1)/p1)
2 log T
)
and∑
t≤T
Nq(t) = (q− 1)
∑
t≤T
rad(t)|(q−1)
ϕ(t)
t
≤ (q− 1)|Υ(T )| <
q − 1
s! log p1 · · · log ps
(log T )s
(
1 +
log(rad(q − 1))
2 log T
)s
.
In the following theorem, we improved the upper bound, which is very weak compared with the asymptotic
result proven in the previous section.
Theorem 5.1. For any T > rad(q − 1), where q 6= 3 (mod 4), the number of monic irreducible binomial in
Fq[x] of degree less or equal to T is upper bounded by
ϕ(q − 1)
s! log p1 · · · log ps
(log T )s
(
1 + sM1
log(rad(q − 1))
log T
+ s(s− 1)M2
(
log(rad(q − 1))
log T
)2)
,
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where
M1 := (rad(q − 1))
−(s−1)/(2 log T )
(
1 +
log 2s
s
)
−
1
2
and
M2 :=
(q − 1)(s − 1)
2sϕ(q − 1)
(rad(q − 1))(s−2)/(2 log T ) +
1
8
.
Proof. We know that the number of monic irreducible binomials is given by the formula (q − 1)(A+B +C),
where A, B and C are defined by Equations in 4.2. Therefore it is enough to find an upper bound to each of
them. From Equation 3.2 and Theorem 2.2, we have that
A =
ϕ(q − 1)
q − 1
∣∣∣∣Υ(log( Trad(q − 1)
))∣∣∣∣
≤
ϕ(q − 1)
q − 1
·
(
log
(
T
rad(q−1)
)
+ 12(l1 + · · ·+ ls)
)s
s!l1 · · · ls
=
ϕ(q − 1)
(q − 1)s!l1 · · · ls
(log T )s
(
1−
log(rad(q − 1))
2 log T
)s
,
≤
ϕ(q − 1)
(q − 1)s!l1 · · · ls
(log T )s
(
1− s
log(rad(q − 1))
2 log T
+ s(s− 1)
(log(rad(q − 1)))2
8(log T )2
)
. (5.1)
From Equation 3.3, it follows that
B =
ϕ(q − 1)
q − 1
s∑
j=1
pj
pj − 1
|Υj(T )|
≤
ϕ(q − 1)
q − 1
s∑
j=1
pj
pj − 1
(
log
(
pjT
rad(q−1)
)
+ 12(l1 + · · ·+ lj−1 + lj+1 + · · ·+ ls)
)s−1
(s− 1)!l1 · · · lj−1lj+1 · · · ls
=
ϕ(q − 1)
(q − 1)s!l1 · · · ls
(log T )s−1
s∑
j=1
spj log pj
pj − 1
1− log
(
rad(q−1)
pj
)
2 log T
s−1
=
ϕ(q − 1)
(q − 1)s!l1 · · · ls
(log T )s−1
s∑
j=1
spj log pj
pj − 1
(
1−
log (rad(q − 1))
2 log T
)s−1
<
ϕ(q − 1)
(q − 1)s!l1 · · · ls
(log T )s−1
s∑
j=1
spj log pj
pj − 1
(rad(q − 1))−(s−1)/(2 log T )
<
ϕ(q − 1)
(q − 1)s!l1 · · · ls
(log T )s−1 (s+ log 2s) log(rad(q − 1))(rad(q − 1))−(s−1)/(2 log T ), (5.2)
where in the last two inequalities we use respectively that (1 + x) < ex and Chebyshev’s sum inequality.
Finally, from Equations 4.3 and 4.4, and using the same argument as before, we obtain that
C ≤
∑
1≤i<j≤s
|Υij(T )|
≤
∑
1≤i<j≤s
Ns−2(log T ; l1, . . . , l̂i, . . . , l̂j , . . . , ls)
≤
1
(s− 2)!l1 . . . ls
(log T )s−2
∑
1≤i<j≤s
lilj
1 + log
(
rad(q−1)
pipj
)
2 log T
s−2
<
1
(s− 2)!l1 . . . ls
(log T )s−2 ·
∑
1≤i<j≤s
lilj ·
(
1 +
log (rad(q − 1))
2 log T
)s−2
<
1
(s− 2)!l1 . . . ls
(log T )s−2 ·
s− 1
2s
(log rad(q − 1))2 · (rad(q − 1))(s−2)/(2 log T ), (5.3)
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where in the last inequality we use the inequality
∑
1≤i<j≤s
xixj ≤
s−1
2s
( ∑
1≤i≤s
xi
)2
. From the inequalities 5.1,
5.2 and 5.3 it follows the result. 
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